Tunneling electron-positron pair production is studied in a new setup in which a strong low-frequency and a weak high-frequency laser field propagate in the same direction and collide head-on with a relativistic nucleus. The electron-positron pair production rate is calculated analytically in the limit in which in the nucleus rest frame the strong field is undercritical and the frequency of the weak field is below and close to the pair production threshold. By changing the frequency of the weak field one can reduce the tunneling barrier substantially. As a result tunneling pair production is shown to be observable with presently available technology. PACS numbers: 12.20.Ds, 25.75.Dw, Electron-positron (e + -e − ) pair creation from vacuum in the presence of a constant and uniform electric field was predicted for the first time in the paper [1] (see also [2, 3] ). The typical electric field strength at which spontaneous e + -e − pair creation from vacuum occurs is now known as the "critical" field of quantum electrodynamics (QED) and it is given by E cr = m 2 /e = 1.3 × 10 16 V/cm. Here e and m are the absolute value of the electron charge and the electron mass, respectively, and units with = c = 1 are used. It is remarkable that the probability of pair creation contains a nonperturbative dependence on the electric field amplitude E and on the charge e through the factor exp(−πE cr /E). This suggests the interpretation of the process as a "tunneling" of the electron through an energy barrier of 2m from the negative energy levels of the Dirac "sea" to the positive ones [2] . Moreover, this result cannot be obtained at any order in perturbative QED and it can represent a truly deep probe of the validity of QED. However, tunneling pair production has not yet been observed experimentally essentially due to the wide tunneling barrier 2m and consequently to the large value of E cr .
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High-power lasers are a source of intense electromagnetic fields and nowadays peak electric fields of the order of 10 −4 E cr have been obtained corresponding to laser intensities of the order of 10 22 W/cm 2 [4] . Moreover, Petawatt laser systems are under construction aiming at laser intensities of the order of 10 23 W/cm 2 [5] . Finally, intensities of the order of 10 26 W/cm 2 are envisaged at the Extreme Light Infrastructure (ELI) [6] . e + -e − pair creation in a single plane wave is forbidden by energy-momentum conservation [3] , however it has been investigated instead theoretically in the collision of a photon and a plane wave [7, 8] , of a nucleus and a plane wave [9, 10, 11] and also in the head-on collision of two equal laser beams [12, 13, 14] (see also the recent reviews [15] for further references). In this last case, since the pair creation process is confined in a space region of the order of a Compton wavelength λ c = 1/m = 3.8 × 10 −11 cm, the resulting standing wave originating by the superposition of the two counterpropagating plane waves is often approximated as a time-dependent electric field [16, 17, 18, 19] . If E is the peak electric field, assumed to be much smaller than E cr , and ω its carrier angular frequency, the parameter ξ = eE/mω determines the regime of pair production [16] . On the one hand, the parameter ξ can be interpreted as the ratio of the external field oscillation period and the typical pair formation time. Therefore, if ξ ≫ 1 the field is almost constant during the pairproduction process and the production probability scales as in the constant-field case, i. e. as exp(−πE cr /E) characteristic for the tunneling regime [3] . On the other hand, the parameter ξ can also be interpreted as the work carried out by the external electric field on the electron in one Compton wavelength divided by the photon energy ω. Therefore, in the opposite limit ξ ≪ 1 photon exchanges with the external field are unlikely and the field itself can be treated perturbatively. The pair-production process occurs in this limit essentially with the absorption of 2m/ω photons from the external field and the pair-production rate scales as ξ 4m/ω corresponding to the multiphoton regime [16] .
The only currently feasible proposals to observe laserinduced pair creation in ion-laser collision have been in the multiphoton regime [20] , while in the collision of two laser beams, intensities at least of the order of 10 24 W/cm 2 are required [13] . Experimental evidence of e + -e − pair creation has been reported in [21] where this process was observed in the multiphoton regime and in [22] where the large pair yield measured was predominately due to the Bethe-Heitler process.
In this Letter we put forward a realistic scheme to observe tunneling e + -e − pair creation in the head-on collision of a relativistic nucleus with a strong, low-frequency and a weak, high-frequency laser field that propagate in the same direction (see Fig. 1a ). The pair-creation rate is calculated analytically taking into account exactly the strong field and to leading order the weak and the nuclear field in the limit in which in the rest frame of the nucleus the peak electric field of the strong laser is much smaller than E cr and the frequency ω w of the weak field is close to and below the pair creation threshold 2m. In the limit of ω w ≫ m it is found that an external field suppresses the photoproduction yield because it substantially reduces the formation or coherence length of the process [23] . Instead, we find here that the strong laser field allows the process by making the electron tunnel the residual energy gap 2m − ω w left after the electron has absorbed one photon from the high-frequency field. By changing the frequency ω w one can then control the amplitude of the barrier that the electron has to tunnel with the possibility of reducing it significantly and correspondingly enhance the pair production rate. Also, a strong dependence of the pair production rate on the mutual polarization of the two laser fields is observed as the absorption of one high-energy photon and the subsequent laser-induced tunneling effectively couple the polarization states of the two fields. Finally, a quantitative estimate suggests the possibility of observing tunneling pair production in the discussed regime with available laser and proton accelerator technology.
The model case of pair creation in two parallel timedepending electric fields, one strong and slowly-varying and the other weak and rapidly-changing has been considered in [19] . However, the frequency of the weak field was assumed in the calculations to be much smaller than 2m leaving out the possibility of strongly reducing the energy barrier to be tunneled by the electron.
The total e + -e − pair production rateẆ in the Born approximation with respect to the Coulomb field of the nucleus and being exact with regard to a general plane wave (to be chosen below as the sum of a strong, low-frequency wave and a weak, high-frequency wave) can be calculated by employing the dispersion relation, which allows one to expressẆ via the imaginary part of the time-time component Π 00 of the polarization operator of a virtual photon in the plane wave field [24] (see also Fig. 1b) :
Here Z is the nuclear charge number and q denotes the momentum transferred from the nucleus during the process. Note that the Coulomb field can be accounted for in the Born approximation if Zα/u ≪ 1, where α = e 2 ≈ 1/137 is the fine-structure constant and u is the typical velocity of the created electron and positron. The calculations are performed in the rest frame of the nucleus. A convenient expression for Π 00 was obtained in [25] by means of the operator technique (the polarization operator in another form was obtained independently in [26] ). In the general case the incoming electromagnetic field is described by a plane wave with vector potential
are two arbitrary functions of φ = t − z (the plane wave depends on time t and propagates in the positive z direction with unity vectorẑ), and a i are the two polarization vectors such that a i · a j = 0 for i, j ∈ {1, 2} with i = j and a i ·ẑ = 0. By employing the expression of Π 00 from [25] , we obtaiṅ
where the integration T 0 dφ/T corresponds to the average of the integrand in the above equation over φ during the time period T (later on set equal to the strong laser period), Q = |q|/2m and x =ẑ · q/|q|. Also, the following notation has been introduced:
dy∆ 2 (y) and a = 2m/ω w . In the case of interest here, the plane electromagnetic field A(φ) consists of a strong, monochromatic, low-frequency field with adimensional vector potential components in the plane perpendicular toẑ ξ i = eE i /mω s with i ∈ {1, 2} and a weak, monochromatic, high-frequency field with adimensional vector potential components η i = eE i /mω w . E i and E i are the electric field components of the strong and the weak field, respectively and ω s is the strong field angular frequency. Concerning the strong field it is assumed that ξ = (ξ 2 1 + ξ 2 2 )/2 ≫ 1 and ω s ≪ m, while concerning the weak field that η = (η 2 1 + η 2 2 )/2 ≪ 1 and that 0 < δ ≪ 1 with δ = a 2 − 1 ≈ (2m − ω w )/m. These assumptions are reasonable for already and soon available laser sources in the optical and X-ray regime. In the above approximations for the strong field the rateẆ depends on the strong field only through the two gauge-and Lorentzinvariant parameters
It is convenient to introduce the quantities
with the parameters µ s and µ w describing the ellipticities of the strong and of the weak field, respectively. As η ≪ 1, the weak laser field can be treated perturbatively and the general expression in Eq. (2) for the photoproduction rateẆ can be expanded with respect to the amplitudes η i by keeping only the terms quadratic in η i , which correspond to the absorption of one photon from the weak field. The result is:
where
, R = sin ρ /ρ − cos ρ, f = 1 − µ s cos ψ and g = 1 + µ w µ s − (µ s + µ w ) cos ψ. Note that, as expected, the rate depends linearly on the parameter µ w describing the ellipticity of the weak field while the dependence on µ s is more complex. In the limit in which the strong field is undercritical (χ ≪ 1) and the frequency of the weak field is below and close to 2m (0 < δ ≪ 1) the integrals in Eq. (5) can be calculated by employing the saddle-point technique. The resulting rateẆ reads:
where G = f 1/4 g + 2ζf 3/2 and where we have introduced the important parameter ζ = χ/δ 3/2 . The expression in Eq. (6) is valid if ζ ≪ 1. Formally ζf 3/2 ≪ g, however, if the strong laser field and the high-energy photon are linearly polarized in perpendicular directions, we have g = 0 and the non-zero contribution toẆ is given by the term 2ζf 3/2 . It is already clear from Eq. (6) that the exponential suppression associated with the tunneling nature of pair creation is strongly reduced here because δ ≪ 1. In the case of combined strong low-frequency laser and Coulomb field the pair production rate scales as exp(− √ 3/χ) [10] . Also, contrary to the rate in [10] , our expression (6) also contains the small factor η 2 due to the absorption of one photon from the weak field. Therefore, the condition to be fulfilled in order to have an enhancement of the pair production rate with respect to the case of combined laser and Coulomb field is approximately given by η 2 exp( √ 3/χ) ≫ 1. Analogously, in [27] atomic ionization in the presence of a strong, optical field and of a weak, X-ray field with photon-energy below and close to the ionization threshold has been investigated.
The above expression (6) is valid for any polarization of the incoming strong and weak fields. In particular, if the strong laser field is circularly polarized (µ s = 0), we obtain:
As expected from symmetry considerations, this expression is independent of the polarization of the weak field. On the other hand, if µ s is not too small, i. e. if |µ s | ≫ ζ we havė
with L = 1 + sgn(µ s )µ w + 2ζ √ κ and κ = 1 + |µ s |. For an intuitive digression we show qualitatively how the exponential behavior in Eqs. (7) and (8) arises (see also [19] ). We consider the simplified situation of an electron in the negative continuum that absorbs a photon with frequency ω w and then, due to a constant and uniform electric field E 0 = E 0x with E 0 > 0, it tunnels to the positive continuum, as depicted in Fig. 2 . The width l of the barrier the electron has to tunnel is approximately given by the formula eE 0 l = 2m − ω w ≈ mδ ≪ m (note that l ≪ l 0 , with l 0 = 2m/eE 0 being the tunneling width only in the presence of the field E 0 ). Therefore, by setting p(x) = 2m(mδ − eE 0 x), in the quasiclassical limit one obtainṡ
with ζ 0 = E 0 /2δ 3/2 E cr being defined analogously to ζ and ζ 0 ≪ 1, which qualitatively reproduces the exponential dependence in Eqs. (7) and (8) . Also, from the above picture we deduce that the velocity u of the electron before tunneling is nonrelativistic as u = 2(2m − ω w )/m = √ 2δ ≪ 1 and the formation time ∆t of the process is approximately ∆t = l/u ∼ ( √ δ/m)(E cr /E 0 ), as from the uncertainty principle the time to absorb the photon with energy ω w is roughly 1/ω w ∼ 1/m ≪ ∆t.
In Fig. 3 we display the ratioẆ /Ẇ 0 withẆ 0 = (Zα) 2 mη 2 χ 2 /2π andẆ given by Eq. (7) for circular polarization of the strong laser field (continuous curve) and by Eq. (8) for linear polarization of the strong and the weak laser field with µ s = µ w = +1 (dashed curve). It becomes apparent that the pair production rate is much higher in the case of 2 mη 2 χ 2 /2π andẆ given by Eq. (7) for circular polarization of the strong laser field (continuous curve) and by Eq. (8) for linear polarization of the strong and the weak laser fields with µs = µw = +1 (dashed curve). The inset shows the region of small ζ on a logarithmic scale.
linear polarization. This can also be understood from the different exponential scaling in Eqs. (7) and (8) which, in turn, is due the fact that at a given χ the average energy density of the strong laser is fixed and the peak electric field amplitude for linear polarization is √ 2 times larger than for circular polarization.
As an example, we consider a proton (Z = 1) with an energy of ǫ p = 2.8 TeV which is smaller than those maximally available at the LHC [28] and a laser field with a power of P s = 100 TW, a spot radius of σ s = 5 µm (intensity I s = 1.3 × 10 20 W/cm 2 ), a wavelength of λ s = 0.8 µm, a pulse duration of τ s = 25 fs and a repetition rate of f r = 10 Hz corresponding to χ = 7.5 × 10 −2 [29] . If we set δ = 0.1 then ω w = 162 eV (note that the Born approximation in the Coulomb field is justified as Zα/ √ 2δ ≈ 0.02). As for the weak field we consider the following parameters [30] : N w = 10 13 photons per pulse, a pulse duration of τ w = 25 fs and a spot radius of σ w = 5 µm and, in the most favorable case µ s = µ w = +1, we obtain a rate in the laboratory frame ofẆ = 750 s −1 . Since ζ = 2.4, the analytical asymptotic in Eq. (8) slightly overestimates the rate and the above value ofẆ has been obtained numerically directly from Eq. (5). By considering the values of the proton beams at the LHC (N p = 11.5 × 10 10 protons per bunch, bunch length of l p = 7.55 cm and beam size of σ p = 16.6 µm [28] ), we obtain about 18 pairs per hour. Note that in the case of combined Coulomb and strong laser field alone, the number of produced pairs is completely negligible with the above physical parameters (a larger rate than here can be expected at ω w 2m, but in this regime no tunneling occurs as pair creation is also allowed in the absence of the strong field). With the maximal proton energy available at the LHC of ǫ p = 7 TeV and at δ = 0.1 then ω w = 65 eV. Thus, the intense single extreme ultraviolet (XUV) attosecond pulse (N w = 10
16 , ω w = 65 eV, τ w = 84 as, σ w = 10 µm) envisaged in [31] can be employed as a more compact source of high-energy photons. This XUV pulse is generated in the reflection of a strong optical laser beam (λ s = 0.8 µm, I s = 10 20 W/cm 2 , τ s = 5 fs, σ s = 10 µm) by a planar solid target. By employing these parameters we obtain even a yield of about 13 pairs per shot. Finally, about one pair every ten hours can also be obtained at δ = 0. [33] (N w = 8 × 10
11 , ω w = 470 eV, τ w = 4 fs) with spot radius of σ w = 5 µm.
In conclusion, we have put forward a scheme allowing in principle to observe for the first time tunneling electronpositron pair creation with already available technology, by inducing a strong, low-frequency and a weak, high-frequency laser field to collide with a relativistic nucleus.
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